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ABSTRACT 

We study the Bethe ansatz equations for a generalized XXZ model on a one-dimensional lattice. 
Assuming the string conjecture we propose an integer version for vacancy numbers and prove a combina- 
torial completeness of Bethe's states for a generalized XXZ model. We find an exact form for inverse 
matrix related with vacancy numbers and compute its determinant. This inverse matrix has a tridiagonal 
form, generalizing the Cartan matrix of type A. 



§1. Introduction. 

An integrable generalization of spin-i Heisenberg XXZ model to arbitrary spins was 
given e.g. in [KR2]. As a matter of fact, a spectrum of the generalized XXZ model is 
described by the solutions {A^} to the following system of equations (1 < j < I) 

JX- sinhf (Aj + 2is a ) __ J-r sinh|(Aj - X k + 2i) 
sinhf(A J --2is a ) ~ y sinhf(A J -A fc -20" 

Here 9 is an anisotropy parameter, s a , 1 < a < N, are the spins of atoms in the magnetic 
chain and / is the number of magnons over the ferromagnetic vacuum. 

The main goal of our paper is to present a computation the number of solutions of 
system (1.1) based on the so-called string conjecture (see e.g. [TS], [KR1]). In spite of 
the well-known fact that solutions of (1.1) do not have in general a "string nature" (see 
e.g. [EKK]), we prove that the string conjecture gives a correct answer for the number 
of solutions to the system of equations (1.1). Note that a combinatorial completeness of 
Bethe's states for generalized XXX Heisenberg model was proved in [Kl] and appear to 
be a starting point for numerous applications to combinatorics of Young tableaux and 
representation theory of symmetric and general linear groups (see e.g. [K2]). 
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§2. Analysis of the Bethe equations. 

Let us consider the XX Z model of spins s±,...,Sk interacting on one-dimensional 
lattice with the each spin Sj repeateded iVj times. In the standard XX Z model all spins 
Si are equal to |. Let A be the anisotropic parameter (see e.g. [TS], [KR2]). We assume 
that < 9 < 1. Let us pick out a real number 9 such that cos^ = A, < 9 < ^, and 
denote 

Each spin s has a "parity" v 2s which is equal to plus or minus one. 

Bethe vectors ip(xi, ...,xi) for XX Z model are parametrized by I complex numbers 
£j(mod 2p i) (/ < 2siNi + . . . + 2sfciVfc), which satisfy the following system of transcen- 
dental equations (Bethe's equations) 

a i \ n„ 

smh 1 (x a + rj m - i(2s m + 5 (1 - v 2Sm )po)) 



N m v 2s 



sinhf (x a + Vm + i(2s m + |(1 - v 2Sm )po)) 



m=1 ^^^ 2V ^ a , ,, m , « K ~» m i 2 

' sinhf (xg - Xj -2j) 
sinh|(x a — Xj + 2i) ' 

where a = 1, . . . , I, and {r] m } are some fixed real numbers, 

and nondegeneracy conditions: the norm of Bethe's vectors ip is not equal to zero. 

Solutions to the system (2.1) are considered modulo 2p ^Z, because sinh(|x) is a peri- 
odic function with the period 2p i. Asymptotically for N m — > oo, 1 < m < k and finite 
I the solutions to the system (2.1) create the strings. The strings are characterized by 
common real abscissa which is called the string center, the length n and parity v n . Centers 
of the even strings are located on the line Im x = (and v n = +1), those of odd strings are 
located on the line Im x = po (and v n = —1). A string of length n and parity v n consists 
of n complex numbers x 1 ^ ■ of the following form 

x n p 4 = x n p + i{n + 1 - 2j + ^—^Po) + O(exp(-<5A0)(mod 2p i), (2.2) 

where 5 > 0, j = 1, . . . , n, Xp E R. 

A distribution of numbers {xj} on strings is called configuration. Each configuration 
can be parametrized by the filling numbers {A n }, where A n is equal to the number of 
strings with length n and parity v n . Each real solution of the system (2.1), (modulo 2p i) : 
corresponds to an even string of length 1. Configuration parameters {A n }, n > 1 satisfy 
the following conditions: X n > 0, ^ n\ n = I. The system (2.1) can be transformed into 

n>l 

that for real numbers x^ for each fixed configuration. To get such system, let us calculate 
the scattering phase 9 njm (x) of the string length n on that of length m. By definition 

™ sinh f (a£ , - x% h - 2i) 

exp(-^ m (x)) = n n sinh ^L x- +Jv r - r:: - x ™- (2 - 3) 



Completeness of Bethe's states for generalized XX Z model 3 



From the formulae 



/ sinh(A + cw)\ . . . . . . 

Im log I . ^ — +b') ) = arc ^ an ^ an ' 1 A* ' c °t — arctan(tanhA • cot a), (2.4) 

where a, 6, A, /x G R, it follows 

n m f Ox 9 1 \ 

-7r^ n>m (x) = J^^arctan ( tanhycot -(n - m - 2j + 2k + - {v m - v n )p ) j = 

j=l k=l ^ ' 

Ox 1 
= arctan(tanh — • cot -(m + n H — (1 — v n v m )po))+ 
2 2 2 

$x 1 
+ arctan(tanh — • cot - (\n — m\ + - (1 — v n i'm)po))+ 

Zj Zj Z 

min(n,m)-l q % q 1 

+ 2 arctan(tanh — • cot — m| + 2s H — (1 — v n v m )po)). 

"*" — Zj Z Zj 

s=l 

Now let us consider the limit of 9 n ,m(%) when x — > oo. Note that for x — > oo, we have 
tanh ^ — > 1, and arctan(cot z) = — 7r((^)), if f ^ Z, where ((z)) is the Dedekind function: 



((*)) = 



o, ifzeZ, 



and {z} = z — [z] is the fractional part of z. Then 

a i \ { fn + m 1 - v n v m \\ ( f\n-m\ 1 - t> n f m , . 

min(n,m)-l , , . 

\ / / n — m \ + 21 1 — v n Vm 

+2 £ ((^^ + ^- 

Let us define 

$ ^ = 3_ log s inh | + 77-mi-^(l - lybog 

2y ™ sinh + 77 + mz + |(1 - ■u m ) i 9 *) 

A:=< + 77, 77 eR, 

then 



, . 1 \ . Ox . 1. \ w 

3 , n,m(A) = -— • arctan(tanh — cot -{n - m + 1 - 2j + -(v m - v n )p )) = 

1 min(n,m) 0x0 1 

= — > arctan(tanh —cot -(\n — m\ + 21 — 1 + -(1 — d„v)po)) 



1 = 1 
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and, consequently, 



min(n,m) 
$n,m(00) = ^ 
1=1 



\n — ml + 21 — 1 1 — v n u 



2 Po 



+ 



(2.5) 



Now let us continue the investigation of system (2.1). Multiplying the equations of the 
system (2.1) along the string ■ and logarithming the result, one can obtain the following 
system on real numbers x™, a = 1, . . . , A n : 

J2®n,2s m « + Vm)N m = QZ+ £ n , m (x£-x^), a=l,...,V (2.6) 

m (/3,m)^(a,n) 

Integer or half-integer numbers Q^, 1 < a < A n , are called quantum numbers. They 
parametrize — according to the string conjecture [TS], [FT], [Kl] — the solutions to the 
system (2.1). Admissible values of quantum numbers are located in symmetric interval 
["Qmaxi Qmax] an d appear to be an integer or half-integer in accordance with that of 

Q 



n 

max - 



§3. Calculation of vacancy numbers. 

Following [TS] , we will assume that there are two types of length 1 string, namely even 
and odd types. If the length n of a string is greater then 1, then n and parity v n satisfy 
the following conditions 



v n ■ sin(n — 1)9 > 0, 

v n ■ sm(j0) sin(n - j)0 > 0, j = 1, 

Condition (3.1) may be rewritten equivalently as 

n — 1 



,71—1. 



(3.1) 
(3.2) 



v n = exp(7ri 



and (3.2) as 



3_ 

Po 



+ 



n-j 
Po 



n — 1 

Po 



Po 



, 3 



,71—1. 



(3.3) 



The set of integer numbers n satisfying (3.3) for fixed po G R may be described by the 
following construction (see e.g. [TS], [KR1], [KR2]). 

Let us define a sequence of real numbers pi and sequences of integer numbers z^, m^, yf. 



Po 



TV 
1' 



Pi = 1, Vi = 



Pi 



Pi+l 



, Pi+i = Pi-i - Vi-iPi, i = l,2,... 



y-i = 0, y = 1, yi = vo, y i+ i = yi-i + nyi, i = 0, 1, 2, 
m = 0, m 1 = i/ , m i+1 = m i + v i , % = 0, 1, 2, . . . 



(3.4) 

(3.5) 
(3.6) 
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It is clear that integer numbers vi define the decomposition of po into a continuous 
fraction 

PO = [V0,V1,V2---]- 

Let us define a piecewise linear function n t , t > 1 

n t = y i - 1 + (t- rrii)yi, if m, < t < m i+1 . 

Then for any integer n > 1 there exist the unique rational number t such that n = nt- 

Lemma 3.1 [KR1]. Integer number n > 1 satisfies (3.3) if and only if there exists an 
integer number t such that n = n t . 

We have two types of length 1 strings : 

with parity v\ = +1, 
x™ 1 with parity i> mi = — 1. 

All others strings have a length n = nj, for some integer j, and parity 

Uj - 1 



Vj = v n . = exp m 

V L Po 

Let us assume that all spins Si have the following form 

2 Si = n Xi -l, x*eZ + . (3.7) 

From the assumptions (3.1), (3. 3) and (3.7) about spins, length and parity it follows a 
simple expression for the sums # njm (oo) and $ nj 2s(oo). 

In our paper we consider a special case of rational pq. The case of irrational po may 

u 

be obtained as a limit. So, we assume that po = — G Q, Po = Wo, ■ ■ ■ , i-a], > 2, 

v 

v a > 2. Furthermore we assume that all strings have a length not greater than u (see 
[TS]). Therefore for numbers pi, Vi, yi, mi, (see (3.4)-(3.6)) it is enough to keep only the 
indices % < a + 1. We have also 

P a +i = — , Po = and g.c.d. (y a , y a+1 ) = l. 

Vol y a 

Now we will state the results of calculations for the sums 6 n ^ m (oo) and $ n)T71 (oo). Let 
us introduce 

Qj = (-l)*(p» - (j ~ m)Pi+i), if mi<j <m i+1 , 
r(j) = i, if m,< j < m i+1 , 

(-ly- 1 

bjk = (qkUj - qjn k ), if nj < n k , (3.8) 

Po 

bj,m i+1 = 1, rrii <j < m i+1 , 

Oj,k = n nk {oo), $ J)2s = $„, )2fl (oo). 
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Theorem 3.2. (Calculation of the sums Oj^, $>j,2s) [KR1]. 

1. If k> j, and (j, k) ^ (m a+1 - 1, m a+1 ) then 

Vjk = —rij — . 

Po 

2. If j = m a+1 - 1, k = m a+1 , then 
3- If 1 < J < rn a +i, then 

33 3 p 2 
^. (Symmetry). For all 1 < j, k < m a+ i: 

Ojk = Okj 

5. If 2s = n x — 1, then 



$k,2s = 



1 

2po~ 



(qk - qkn x ), if n k > 2s, 



1 (-iy(k)-i 

^—(qk-q x n k)-\ o , if n k < 2s. 

zpo z 



Note that if po = is an integer then 

2sk 

2$k,2s = < 



— min(/c, 2s), if 1 < k, 2s + 1 < z/ , 



0, if 1 < fc < i/ , 2s + 1 > i/ . 

Now we are going to calculate the vacancy numbers. By definition the vacancy numbers 
are equal to 

P n .(A) = 2Q£ ax -A, + l, where 

xi-if™, a n o f E 2smA^ m - 21 \ \ 1 



and {x} is the fractional part of real number x. 
Here we put 
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Let us say few words about our definition of vacancy numbers P nj . In contrast with the 
XXX model situation, it happens that the vector x = (oo, . . . , oo) for the XX Z case does 
not appear to be a formal solution to the Bethe equations (2.1). Another difficulty appears 
in finding a correct boundary for quantum numbers (see (2.6)). A natural boundary 
is Qro but this number does not appear to be an integer or half-integer one in general. 
Our choice is based on attempt to have a combinatorial completeness of Bethe's states and 
some analytical considerations. In the sequel we will use the notations Pj(X), Qio, Q4ax; • • • 
instead of P n (X),Qx, , Q 



max; • 



After a tedious calculations one can find 



Pj(X) = ctj + 2^2b jk Xk, j/ma+i-1, m a +i, 
k>j 

Pm a+1 -i(X) = a m<x+1 -i + X ma+1 , (3.9) 

Pm a+1 (X) = Clm a+1 + A ma+1 _i, 



where 



(-ir 1 ^2^, 

\ m 



2lq 3 ^2s m N m -2l 
2s m ■ N m H J - - rij \ 



and bjk for rij < rik are defined in (3.8). 

From the string conjecture (see [TS], [KR2]) it follows that the number of Bethe's 
vectors with configuration {Xk} is equal to 



Z(N,s\{X k }) = ]J^ X l + X ^ 



3 

The number of Bethe's vectors with fixed / is equal to 

Z(N,s\l)= ^Z(iV, S |{A fc }), (3.10) 

where summation is taken over all configurations {Xk}, such that Afc > 0, and 

m a + 1 

^2 n kXk = I (3.11) 
k=l 

So, the total number of Bethe's vectors is equal to 

Z = Z(N,s) = J2z(N,s\l), where we assume that (3-12) 
i 

Z(N,s\l) := Z(N,s\^22s m N m -l), for Z>^s m iV m . 

The conjecture about combinatorial completeness of Bethe's states for XX Z model means 
that 

Z = l[(2s m + 1) N ™. 
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§4. The main combinatorial identity. 

Let ao = 0, oi, a2, . . • , a ma+1 be a sequence of real numbers. Then we shall define 
inductively a sequence b 2 , ■ ■ ■ , & mi -i, b mi+1 , . . . , 6 mQ+1 , b ma+2 by the following rules 

b k = 2a k - 1 - a k - 2 ~ a k , if k ^ m i} k>2, 
brrn+i = 2a mi _i - a mi _ 2 - a mi+ i, if 1 < z < a, 

frm a+2 = tt m Q+ i-l ~~ O ma + 1 _2 + Q>m a+1 - 

Then one can check that the converse formulae are 

a j = (-l) r0) |% mo+1 (o m _i - o m ) - 2 $ ifc • 6 fc j , 

where were defined in (2.5). 

For given configuration {A n } = A let us define the vacancy numbers 

Pj(X) = a 3 + 2^6 ifc A fc , jVra„ + i-l, 

k>j 

-Pm a + i-l(A) = fl m<I |i-l + j 
-Pm a + i(A) = ttm a+ i +A mQ+1 _l. 

Let us put 

z(wio=e n ( Pt( l + )• 

{A fc } fc=l V 7 

where summation is taken over all configurations {A^} such that 

m 

^2n k X k = I. 

k=i 

Remind that a binomial coefficient ( ^ J for real a and integer positive v is defined as 



a(a — 1) . . . (a — v + 1) 



f 7 v\ 
Theorem 4.1. (The main combinatorial identity) We /iai>e 

Z({a k }\l) = Res u=0 f(u)u~ l ~ 1 du, 

where 



/(«)=(i+«) 2i + 2 — «^ n (tzt) 

11 V i-u y v i-« 
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Proof. We shall divide the proof into few steps. 

I step. Let us put m a +i = m. We define a sequence of formal power series tpi, . . . , <p m 
in variables z\, . . . , z m , zq by the following rules: 

^m(Zm) = (1 - Z m )-^ + 1 \l - Z (l - Zm)' 1 )- 1 , 
(Pm-liZm-!, Zm) = (1 - Z m -1 ) "( a — 1 + 1 )^ m ( (1 - z m -i ) ~ l Z m ) , 



<p k (z k , ...,z m ) = (l- ^)-^ +1 Vfc+i((l - z k )- 2bk > k +i- 

■ z k+1 , . . • , (1 - z k )~ 2b ^z u . . . , (1 - z k )- 2bk -™z m ), 



^(Zi, . . • , Z m ) = (1 " ^l)- (ai+1 W(l - ^l)- 26l '^2, • • • , (1 " ^l)- 261 ' 



• z u 



(l-z 1 )- 2b ^z m ). 



Lemma 4.2. In the power series <fii(z\, . . . , z m ) a coefficient before z^° z^ 1 . . . z 1 ^ 1 is 
equal to 

' Pj(i/) + Vj \ f a m + is m + v 



n 



Proof. 



Let us assume that 



H^rayZm) — 7 Z Q Z m I I 



<fk(Zk, ■ ■ ■ , Z m ) = E ^Kr-M^^oK ^ 



then (p k - 1 (zk-i,...,z m ) = 



(1 - z fc _i)- (ofc - 1+1 Vfc((l " z k )- 2b ^z k+u . . . , (1 - Zfc)- 26 *-^) 



A fc (i/ fc ,...,i/ m ;i/ )(l-Zfc_i)" 



(p fe _i(^) + l) V V k u m 
^0 k ■ ■ ■ 



u ,u k ,...,u r , 



VQ,V k _ 1 ,...,l> 

Consequently, 



A k (v k ,...,v m ;v ) ( Pfc " l( " fc ) _t Z/fc_1 ) """^ 



Z Z k-1 ■ ■ ■ Z m 



it \ a t \ ( Pk—\W) + v k-\ \ 

A k _ 1 {y k _ 1 ,v k ,...,v m ;vQ) = A k (v k , . . . ,v m ;v ) • 



10 Anatol N. Kirillov, Nadejda A. Liskova 

From Lemma 4.2 it follows that the sum Z({a}\l) is equal to the coefficient before t in 
the power series of ip(z, t), which has been obtained from <fii(z\, . . . , z m ) after substitution 

Zj = t nj , j^m-1, 

~ — +nm-i ~— 1 

— 1 — *> ^0 ■ 

II step. Calculation of the power series for ip(z,t). 
Let us define 

^^(i-zry^.zt^, />i, (4.i) 

(°) _ +n k :r J. _Z _ i OT1 J _(0) _+n m _i -1 



4 u '=t nk , if and = * 



o 



Then we have 



<p X (z Xi . . . , * m ) = (1 - ^"^W^M^ . . . , afi)) = 

= (i - - 4 1} )- (a2+1 V3(4 2) , 4 2) , • ■ • , 4 2) ) = • • • (4.2) 



m—l 

In order to compute a formal series ^ , we define (see e.g. [Kl]) a sequence of polynomials 
Q m (t) using the following recurrence relation 

Qm+l(t) = Qm{t) ~ tQ m -lit), 771 > 0, 

Qo(*) = <9-i(*) :=1- 
Lemma 4.3. (Formulae for power series 4 )• 

Let us assume that rrii < k < rrii+i and put mo := 1. Then we have (Qk '■= Qk(t) ) 

2. 1 - z ( k k ~ 1} = QkQk-iQk-2, ifk^rrii. 

3. If k = rrii, i > 1, then 1 - z^~ 1 ^ = QkQk-iQrrn^-2- 

u 

4- After specialization t : = ^ — — ^ one can fi n ^ (remind that rrii < k < mi+i) 

I — u nk+2yi 

Qk(u) = l 



(1 - u)(l + w )"fe+2yi-i - 
5. If k ^ rrii + 1 and rrii < k < rrii+i, then 

(fc-2) _ 2 -4 2 (0) 
Z fc ~~ ^k-3^k-2^mi-2 z k ■ 

Proof follows by induction from (4.1) and properties of polynomials Qk(t) (compare 
[Kl], Lemma 2). ■ 
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Corollary 4.4. 

/ Jrn-2) _ n2 n ~2 ,n m J™-2) _ ^-2 n 2 ^n m _i „- 

U. Let «s denote by <p m -i(u,zo) a specialization t 



u 



-7T of formal series 
(1 — u) 2 

tp m -i(z^™_i\ Zm™ and let </? m _i(it) 6e a constant term of series <£> m _i(w, zo) w.r.i. 
variable zq. Then 



Remind that m = m a+ i. 

Ill step. Combining (4.2), Lemma 4.3 and Corollary 4.4 after some simplifications we 
obtain a proof of Theorem 4.1. 



Corollary 4.5. (Combinatorial completeness of Bethe's states for XXZ model of 
arbitrary spins). 

Z = l[(2s m + 1) N -. (4.3) 

Examples below give an illustration to our result about completeness of Bethe's states 
for spin- 1 XXZ - model (Example 1 and 3) and for spin-1 XXZ model (Example 4). 

Example 1. We compute firstly the quantities qj, aj (see (3.8)) and after this consider 
a numerical example. From (3.4) - (3.6) and (3.8) it follows 



Qj = (-1) 



i Po ~ njp i+1 



Vi 



Using Theorem 3.2 n.5 we obtain (see (3.9)) 

2s m iV m 21 



a, = {-iy~ L n 



Po 



i -i w i i L 2.s,„ N m 21 
+ (-1) (nj + q 3 ) [ ] + 



Po 



Po 



{m:2s m <rij } 



+ ^ N m (^(2 Sm + l) + (-iyq x )+ JVm(l--(2«m + l)). 



{m:2s m <nj } 



(4.4) 



Let us consider the case when all spins are equal to \ and let N be the number of spins, 



then 



i) < j < mi (= i/ ). Then r(j) = i = and nj = j, qj = po - j, 



aj = -nj 



N -21 
Po 



N 

+ N-21 + 5 njtl — 2 - po + q x ). 
Po 
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ii) mi < j < m2 (= vq + v\). Then r(j) = 1 and rij = 1 + (j — mi)z/ , 



a. 



For example, a mi = 



N-21 
Po 

N- 21 
Po 



N-21 , 1N . AT. 
K - !) -^i.i — ( 2 -Po + 9 x )- 

AT 

— (2 - po + 9*)- 
Po 



z'ii) m 2 < j < m 3 (= z/ + ^i + ^2)- Then r(j) = 2 and rij = u + (j - m 2 )(l + ^0^1), 
=Po-vo- (j ~ m 2 )(l - vi(po - v Q )) 



a 3 = 



N-21 
Po 



N — 21 L 

+ r K + 

1 ^1 



^0 H 



Consequently, 



-i/ 



N — 21 

Po 



+ {N-2l). 



1 



Now let us assume Po = 3 + - , iV = 5. It is clear that in our case x = 2 (see (3.7)) 

and q x = Po — 2. Below we give all solutions A = {Ai, A2, . . .} to the equation (3.11) when 
< I < 2 and compute the corresponding vacancy numbers Pj = -P?(A) (see (3.9)) and 

number of states Z 
I = 
I = 1 



Z(N, - I {A fc }) (see (3.10) and (3.12)): 



I = 2 



{0} 

{1,0,0} 
{0,0,1} 

{0,1,0} 
{2,0,0} 
{0,0,2} 

{1,0,1} 



Pi 
P3 



3 




P 2 = l 
Pi = l 
Ps = 
Pi = 3 
P 3 = 



z = 1 

Z = 4 
Z = 1 

Z = 2 
Z = 3 
Z = 1 

Z = 4 



Z(5,i I 0) = 1 
Z(5,i I 1)=5 



Z(5,| I 2) = 10 



Consequently, 



1. 



Z(N = 5, ^) = 2(1 + 5 + 10) = 32 = 2 5 . 



Note that our formula (3.10) for the number of Bethe's states with fixed spin /, namely 
Z(N, s \ I), works for I > ^2 s m N m as well as for small / < s m N m . 

In Appendix we consider two additional examples, one when all spins are equal to |, 
another one when all spins are equal to 1. The last example seems to be interesting because 
nonadmissible configuration appears. 
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Remark 1. It is easy to see that for fixed / and sufficiently big N = ^2s m iV m all 
vacancy numbers Pj{X) are non negative. It is not the case for particular N and we must 
consider really the configurations with 

Pj(X) + Xj < for some j (4.5) 

in order to have a correct answer for Z XXZ (N 1 s\l). See Appendix, Example 4, I = 4, (Jfr). 
Let us remind that for XXX model the nonadmissible configurations^. e. those satisfying 
(4.5)) give a zero contribution to the sum Z xxx (N, s | /), [K2]. 

Remark 2. One can rewrite the expressions (3.9) for vacancy numbers in the following 
form if rrii < j < rrii+i 

= (-ir 1 (Z 2 ^- • N m - n, { E28ro ^ ro ~ 2 * }) - 

— ^^2(— 1) ^ ^OjkXk — Sj !rna+1 -iX rn<x+1 + Sj tTnoi+1 A mQ , +1 _i, 



where = (-lfW+r(A0l& if j < k and 6U = 9 ki . 

Po 

Let us introduce the symmetric matrix G = (%)i<i,j<m 0+ r We can find the inverse 
matrix G _1 := (c^) and compute its determinant. 

Theorem 4.6. Matrix elements Cij of the inverse matrix G _1 are gzi>en 6y the following 
rules 

i) = Cji and c^- = 0, if \z — j\ > 2. 

ii) Cj- lt j = if mi< j < m i+1 . 

{2(-l)*, if mi < j < m i+1 - 1, i < a, 
(-1)*, if j = m i+ i - 1, i<a, 
(-l) a+1 , if j = m a+1 

Theorem 4.7. We /lave 

det|G _1 | = y a+1 

The proofs of Theorems 4.6 and 4.7 follow from [KR2], Appendix A, and relations 

yiPi + yi-iPi+i=Po, 0<i<a+l. 
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- using Theorem 4.6 one can find 
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1 -2 1 








1 -2 1 








1-2 1 








1-2 1 








1 -1 


-1 


V 




-1 


1 / 



§5. Conclusion. 

In our paper we have proved a very general combinatorial identity (Theorem 4.1). As 
a particular case we proved a combinatorial completeness of Bethe's states for generalized 
XX Z model (Corollary 4.5). One can construct a natural (/-analog for the number of 
Bethe's states with fixed spin I (see (3.10)). Namely, let us consider a vector 

A = (Ai, . . . , X ma+1 ), 
where Xj = (—l) r ^Xj and a matrix E = (ejk)i<j,k<m a+1 i where 

Then it is easy to check that 

P j (X) + X j = ((E-2e)X t + b% 
where b = (h, . . . , b ma+1 ) and 

2s m A^ m 11 



&i = (-l) rW) (%{ 



Po 



E 2 * 



j,2s m ' Af m 



We consider the following (/-analog of (3.10) 



((S-S)A* + 6*) i 
A„ 



(5.1) 



where summation is taken over all configurations A = {Afc} such that 



m a+1 



nfcAfc = /, Afc > 0, and B = 20. 



fc=i 
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The thermodynamical limit of (5.1) (i.e. N m — > oo) comes to 



~ 4 A_£?A* 

^mv> (5 - 2) 



A 



summation in (5.2) is the same as in (5.1) and (g) n := (1 — q) • • • (1 — q n ). Here £? = C\ ® 
and C\ = (2) is the Cartan matrix of type A\. 

It is an interesting problem to find a representation theory meaning of (5.2), when 
B = Ck <S> © and C\~ is the Cartan matrix of type A^. 

Another interesting question is that about a degeneration of Bethe's states for XX Z 
model into those for XXX one. More exactly, we had proved (see (4.3)) that 

JV 

H(2s m + 1) N ™ =J2z XXZ (N,s | /), (5.3) 

m 1=0 

where N = J2 m 2s m N m and Z XXZ (N, s \ I) is given by (3.10). 

On the other hand it follows from a combinatorial completeness of Bethe's states for 
XXX model (see [Kl]) that 

Y[(2s m + 1) N - = J2(N -21 + 1)Z XXX {N, s | 0, (5.4) 

m l>0 

where Z xxx (N, s \ I) is the multiplicity of (y — I) - spin irreducible representation Vn__ l 



of sl(2) in the tensor product 



K 0iVl ® • • • ® 

° 1 ° m. 



It is an interesting question to find a combinatorial proof that 

RHS(5.3) = RHS(5.4). 

Another interesting task is to compare our results with those obtained in [KM] . We assume 

to consider this questions and also to study in more details the case po = i/q is an integer 

v Q - 2 

and all spins are equal to in the separate publications. 



Acknowledgements. We are pleased to thank for hospitality our colleagues from 
Tokyo University, where this work was completed. 
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Appendix. 

Example 3. Using the same notations as in Example 1, we consider the case s = |, 

Po = 3 + -, iV = 8 and find the vacancy numbers P?(A) and numbers of states 
Z = Z{N,\ | {A fc }): 

1 = {0} Pj := Z =1 

1 = 1 {1,0,0} Pi = 5 Z = 6 

{0,0,1} P 3 = l Z = 2 

1 = 2 {2,0,0} Pi = 3 Z=10 

{0,0,2} P 3 = l Z = 3 

{0,1,0} P 2 = 2 Z = 3 

{1,0,1} |g = * Z = 12 

1 = 3 {3,0,0} Pi = 2 Z=10 

{0,0,3} P 3 = Z=l 

{0,0,0,0,0,1} P 6 = 2 Z = 3 



Z(8, | | 0) = 1 
Z(8,§ I 1) = 8 



Z(8, | | 2) = 28 



Z(8, \ | 3) = 56 



{1,1,0} |^ = 2 Z=15 

{0,M} j*^ Z = 5 

{2,0,1} |^ = J Z=15 

{1,0,2} \^= = \ Z = l 

{4,0,0} Pi=0 Z=l 

{0,0,4} P 3 = Z = l 

{0,2,0} P 2 = Z = l 

{0,0,0,1} P 4 = Z = l 

{2,1,0} = * Z = 6 

{0,1,2} |^ = J Z = 5 

{3,0,1} = * Z =10 

{1,0,3} {^ = 5 Z = 7 

{2,0,2} {* = j| Z=15 



Consequently, 



and 
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{1,0,0,0,0,1} 
{0,0,1,0,0,1} 

{1,1,1,0,0,0} 



Pi =4 

P 6 = 



2 




Pi =4 
P 2 = 2 
Ps = 



Z = 5 
Z = 3 

Z = 15 



Z(8, \ | 4) = 70 



Z(JV = 8,- |0 



< / < 4, 



Z(iV = 8, -) = 2(1 + 8 + 28 + 56) + 70 = 256 = 2 8 . 

Example 4. Let us consider the case when all spins are equal to 1 and let N be the 
number of spins. We compute firstly the quantities aj (see (3.8)) and after this consider a 
numerical example. 

i) < j < mi (= v Q ). Then r(j) = i = and nj = j, qj = po - j, 



aj = 



2N-21 

Po 
2N -21 

Po 



+ 2N- 21, if j > 2 

IN 

+ —(3 + q x ) -21, ifj<2 



ii) mi < j < 77i2 (= vq + z^i )• Then r(j) = 1 and n j = 1 + (j — m\)vQ, 
Qj = (Po ~ vo)(j ~ m i) - 1> 



2N -21 
Po 



2N-21. . . AP 

— (wj - 1) - <>n,-,i — (3 - Po + 



in) m 2 < j < m 3 (= z/ + fi + z^)- Then r(j) = 2 and ra_,- = u + (j - m 2 )(l + foV\) 
Qj =Po-"o- (j - m 2 )(l - vi(p - u )), 



*m2 



-I/ 



2N -21 
Po 



+ 27V- 2/. 



Now let us assume Po = 3 + ^j-, iV = 5. It is clear that x = 6 and q x = |. Be- 

low we give all solutions A = {Ai,A2,...} to the equation (3.11) when < / < 5 and 
compute the corresponding vacancy numbers Pj = P/(A) (see (3.9)) and number of states 
Z = Z(N, 1 I {A fc }) (see (3.10) and (3.12)): 
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1 = {0} 

1 = 1 {1,0,0} 
{0,0,1} 

1 = 2 {2,0,0} 
{0,0,2} 
{0,1,0} 

{1,0,1} 



1 = 3 {3,0,0} 
{0,0,3} 
{0,0,0,0,0,1} 

{1,1,0} 
{0,1,1} 
{2,0,1} 
{1,0,2} 

1 = 4 {4,0,0} 
{0,0,4} 
{0,2,0} 
{0,0,0,1} 

{2,1,0} 
{0,1,2} 
{3,0,1} 
{1,0,3} 
{2,0,2} 
{1,0,0,0,0,1} 
{0,0,1,0,0,1} 

{1,1,1,0,0,0} 



P, = 



Pi 
P 3 



1 

2 



Pi =0 
Ps = l 
P 2 =4 
Pi = 2 

P3 = l 

P 1 = -2 
P 3 = l 
P 6 = l 
P 1 = 
P 2 = 2 
P 2 = 4 
Ps = l 
P 1 = 
P 3 = l 
Pi = 2 

P 3 = l 

Pi = -3 
P 3 = 
P 2 = 2 

P 4 = -2 

Pi = -1 
P 2 = 2 

P 2 = 6 
P 3 = 

Pi = -1 
P 3 = 
Pi = 3 

1 


1 

2 
2 
2 
1 
4 




P 3 
Pi 
Ps 
Pi 
P 6 
P3 
Ps 
Pi 
P 2 
Pb 



Z = 1 

Z = 2 
Z = 3 

Z = 1 

Z = 3 
Z = 5 

Z = 6 

Z = 
Z = 4 
Z = 2 

Z = 3 
Z = 10 
Z = 2 
Z = 9 

Z = 
Z = 1 
Z = 6 
Z = -1 

Z = 

Z = 7 

Z = 

Z = 4 

Z = 3 

Z = 6 

Z = 9 

Z = 10 



Z(5,l | 0) = 1 
Z(5,l | 1) = 5 



Z(5,l | 2) = 15 



Z(5,l | 3) = 30 



(*) 



Z(5,l | 4) = 45 
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1 = 5 {5,0,0} Pi = -5 Z = 

{0,0,5} P 3 =0 Z=l 

{4,0,1} {* = " 3 Z = 

{1,0,4} { P ^Zl Z = 4 

{3,0,2} {^I" 1 Z = 

{2,0,3} |* = J Z = 3 

{3,1,0} {* = " 3 Z = 

{0,1,3} {j* = J Z = 7 

{1,2,0} {j^" 1 Z = 

{0,2,1} |^ = g Z = 6 

{1,0,0,1} |£ = J Z = 2 

{0,0,1,1} = * Z = 3 

{0,1,0,0,0,1} { P p G Zl z = 3 

{2,0,0,0,0,1} {^Zq 1 z = Q 

{0,0,2,0,0,1} {p^Io Z = 6 
(Pi = l 

{1,0,1,0,0,1} <^P 3 = 2 Z = 6 

Ip 6 = o 

(Pi = -1 

{2,1,1} <^P 2 = 2 Z = 

Ip 3 = o 
rPi = i 

{1,1,2} <^P 2 =4 Z = 10 

Ip 3 = o 

Z(5,l | 5) = 51 
Z(JV = 5, 1) = 2(1 + 5 + 15 + 30 + 45) + 51 = 243 = 3 5 . 
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